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Abstract
The aim of this paper is to introduce and study BiHom-Poisson algebras, in par-
ticular Non-BiHom-Commutative BiHom-Poisson algebras. We discuss their repre-
sentation theory and Semi-direct product. Furthermore, we characterize admissi-
ble BiHom-Poisson algebras. Finally, we establish the classification of 2-dimensional
BiHom-Poisson algebras.
1 Introduction
A vector space A is called a Poisson algebra provided that, beside addition, it has two
K-bilinear operations which are related by derivation. First, with respect to multiplica-
tion, A is a commutative associative algebra; denote the multiplication by µ(a, b) (or a · b
or ab), where a, b ∈ A. Second, A is a Lie algebra; traditionally here the Lie operation is
denoted by the Poisson brackets {a,b}, where a, b ∈ A. It is also assumed that these two
operations are connected by the Leibniz rule {a·b, c}= a·{b, c}+b·{a, c}, a, b, c ∈ A [6, 11].
Poisson algebras are the key to recover Hamiltonian mechanics and are also central in the
study of quantum groups. Manifolds with a Poisson algebra structure are known as Pois-
son manifolds, of which the symplectic manifolds and the Poisson-Lie groups are a special
case. Their generalization is known as Nambu algebras [15, 5, 2, 3], where the binary
bracket is generalized to ternary or n-ary bracket. A Hom-algebra structure is a multipli-
cation on a vector space where a usual structure is twisted by a homomorphism [12]. The
first motivation to study nonassociative Hom-algebras comes from quasi-deformations of
Lie algebras of vector fields, in particular q-deformations of Witt and Virasoro algebras.
The structure of (Non-Commutative)-Hom-Poisson algebras are twisted generalization of
(Non-Commutative)-Poisson algebras [18]. A (Non-Commutative)-Hom-Poisson algebra
A is defined by a linear self-map α, and two binary operations {, } (the Hom-Lie bracket)
and µ (the Hom-associative product). The associativity, the Jacobi identity, and the Leib-
niz identity in a (Non-Commutative)-Poisson algebra are replaced by their Hom-type (i.e.
α-twisted) identities. Motivated by a categorical study of Hom-algebras and new type of
1
categories, generalized algebraic structures endowed with two commuting multiplicative
linear maps, called BiHom-algebras including BiHom-associative algebras, BiHom-Lie al-
gebras and BiHom-Bialgebras were introduced in [7]. Therefore, when the two linear maps
are the same, BiHom-algebras will be turn to Hom-algebras in some cases. Various studies
deal with these new type of algebras, see [19, 8, 9] and references therein.
The purpose of this paper is to study (Non-Commutative) BiHom-Poisson algebras.
The paper is organized as follows. In Section 2, we review the definition of BiHom-
associative and BiHom-Lie algebras and then generalize the Poisson algebra notion to
BiHom case. This new structure is illustrated with some examples. In Section 3, we
study the concept of module of BiHom-Poisson algebra, which is based on BiHom-modules
of BiHom-associative and BiHom-Lie algebras. Then we define semi-direct product of
(Non-Commutative) BiHom-Poisson algebras. In Section 4, we describe BiHom-Poisson
algebras using only one binary operation and the twisting maps via the polarization-
depolarization process. We show that, admissible BiHom-Poisson algebras, and only these
BiHom-algebras, give rise to BiHom-Poisson algebras via polarization. In the last section,
we give the classification of 2-dimensional BiHom-Poisson algebras.
2 Definitions and Examples
In this section, we recall some basic definitions about BiHom-associative and BiHom-
Lie algebras [7] and then we generalize the Poisson algebras notion to BiHom case. We
assume that K will denote a commutative field of characteristic zero.
Definition 2.1. A BiHom-associative algebra is a quadruple (A,µ, α, β) consisting of
vector space A, a bilinear mapping µ : A×A→ A and two homomorphisms α, β : A→ A
such that for x, y, z ∈ A we have
αβ = βα,
α ◦ µ = µ ◦ α⊗
2
, β ◦ µ = µ ◦ β⊗
2
,
µ(α(x), µ(y, z)) = µ(µ(x, y), β(z)) (BiHom-associative condition), (2.1)
where αβ = α ◦ β.
We recall that the BiHom-commutative condition is µ(β(x), α(y)) = µ(β(y), α(x)), for
all x, y ∈ A.
Definition 2.2. A BiHom-Lie algebra is a quadruple (A, [·, ·], α, β) consisting of vector
space A, a bilinear mapping [., .] : A×A→ A and two homomorphisms α, β : A→ A such
that for x, y, z ∈ A we have
αβ = βα,
α([x, y]) = [α(x), α(y)], β([x, y]) = [β(x), β(y)],
[β(x), α(y)] = −[β(y), α(x)], (BiHom-skew-symmetric) (2.2)
	x,y,z [β
2(x), [β(y), α(z)]] = 0 (BiHom-Jacobi condition), (2.3)
where 	x,y,z denotes summation over the cyclic permutation on x, y, z.
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If α is a bijective morphism, then the identity (2.3) can be written
[β2(x), [β(y), α(z)]] = [[α−1β2(x), β(y)], αβ(z)] + [β2(y), [β(x), α(z)]]. (2.4)
Definition 2.3. A Poisson algebra is a triple (A, {·, ·}, µ) consisting of a vector space A
and two bilinear maps {·, ·}, µ : A×A −→ A satisfying
1. (A, {·, ·}) is a Lie algebra,
2. (A,µ) is a commutative associative algebra,
3. for all x, y ∈ A :
{µ(x, y), z} = µ({x, z}, y) + µ(x, {y, z}) (Compatibility identity). (2.5)
If µ is non-commutative then (A, {·, ·}, µ) is a non-commutative Poisson algebra.
Definition 2.4. A BiHom-Poisson algebra is a 5-uple (A, {·, ·}, µ, α, β) consisting of a
vector space A, two bilinear maps {·, ·}, µ : A × A −→ A and two linear maps α, β :
A −→ A satisfying
1. (A, {·, ·}, α, β) is a BiHom-Lie algebra,
2. (A,µ, α, β) is a BiHom-commutative BiHom-associative algebra,
3. for all x, y ∈ A :
{µ(x, y), αβ(z)} = µ({x, β(z)}, α(y)) + µ(α(x), {y, α(z)}). (2.6)
If µ is non-BiHom-commutative then (A, {·, ·}, µ, α, β) is a non-BiHom-commutative BiHom-
Poisson algebra.
We are using here a right handed Leibniz rule, one may call such algebras right BiHom-
Poisson algebras. We refer to [10] for left BiHom-Poisson algebras.
Remark 2.1. Obviously, a BiHom-Poisson algebra (A, {·, ·}, µ, α, β) for which α = β and
α injective is just a Hom-Poisson algebra (A, {·, ·}, µ, α).
Proposition 2.1. Let (A,µ, α, β) be a BiHom-associative algebra where α and β are two
bijective homomorphisms. Then the 5-uple (A, {·, ·}, µ, α, β), where the bracket is defined
by
{x, y} = µ(x, y)− µ(α−1β(y), αβ−1(x)),
for x, y ∈ A is a non-commutative BiHom-Poisson algebra.
Proof. We show that α and β are compatible with the bracket {·, ·} . For all x, y ∈ A, we
have
{α(x), α(y)} = µ(α(x), α(y)) − µ(α−1β(α(y)), αβ−1(α(x)))
= µ(α(x), α(y)) − µ(β(y), α2β−1(x))
= α({x, y}).
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The second equality holds since α is even and α ◦ β = β ◦ α. In the same way, we check
that β({x, y}) = {β(x), β(y)}.
The BiHom-skew-symmetry {β(x), α(y)} = −{β(y), α(x)} is obvious.
Therefore, it remains to prove the BiHom-Jacobi identity. For all x, y, z ∈ A, we have
{β2(x), {β(y), α(z)}} = µ(β2(x), µ(β(y), α(z))) − µ(µ(α−1β2(y), β(z)), αβ(x))
− µ(β2(x), µ(β(z), α(y))) + µ(µ(α−1β2(z), β(y)), αβ(x)).
And, we have
{β2(y), {β(z), α(x)}} = µ(β2(y), µ(β(z), α(x))) − µ(µ(α−1β2(z), β(x)), αβ(y))
− µ(β2(y), µ(β(x), α(z))) + µ(µ(α−1β2(x), β(z)), αβ(y)).
Similarly,
{β2(z), {β(x), α(y)}} = µ(β2(z), µ(β(x), α(y))) − µ(µ(α−1β2(x), β(y)), αβ(z))
− µ(β2(z), µ(β(y), α(x))) + µ(µ(α−1β2(y), β(x)), αβ(z)).
By BiHom-associativity, we find that
	x,y,z {β
2(x), {β(y), α(z)}} = 0.
Now, we show the compatibility condition, for x, y, z ∈ P , we have
{µ(x, y), αβ(z)} − µ({x, β(z)}, α(y)) − µ(α(x){y, α(z)})
=µ(µ(x, y), αβ(z)) − µ(β2(z), µ(αβ−1(x), αβ−1(y))− µ(µ(x, β(z)), α(y))
+ µ(µ(α−1β2(z), αβ−1(x)), α(y)) − µ(α(x), µ(y, α(z))) + µ(α(x), µ(β2(z), αβ−1(y))) = 0.
Definition 2.5. Let (A,µ, {., .}, α, β) and (A′, µ′, {., .}′, α′, β′) be two BiHom-Poisson al-
gebras. A linear map f : A→ A′ is a morphism of BiHom-Poisson algebras if it satisfies
for all x1, x2 ∈ A:
f({x1, x2}) = {f(x1), f(x2)}
′, (2.7)
f ◦ µ = µ′ ◦ f⊗2, (2.8)
f ◦ α = α′ ◦ f. (2.9)
f ◦ β = β′ ◦ f. (2.10)
It said to be a weak morphism if hold only the two first conditions.
Definition 2.6. Let (A,µ, {., .}, α, β) be a BiHom-Poisson algebra. It is said to be mul-
tiplicative if
α({x1, x2}) = {α(x1), α(x2)},
β({x1, x2}) = {β(x1), β(x2)},
α ◦ µ = µ ◦ α⊗2.
β ◦ µ = µ ◦ β⊗2.
It is said to be regular if α and β are bijective.
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Proposition 2.2. Let (A, {·, ·}, µ) be an ordinary Poisson algebra over a field K and let
α, β : A → A be two commuting morphisms. Define the two linear maps {·, ·}α,β , µα,β :
A⊗A −→ A by
{x, y}α,β = {α(x), β(y)} and µα,β(x, y) = µ(α(x), β(y)),
for all x, y ∈ A.
Then Aα,β := (A, {·, ·}α,β , µα,β, α, β) is a BiHom-Poisson algebra.
Proof. We already have (A,µ, α, β) is a BiHom-commutative BiHom-associative algebra
and (A, {, }α,β , α, β) is a BiHom-Lie algebra. It remains to check the BiHom-Leibniz
identity. Let x, y, z ∈ A, we have
{µα,β(x, y), αβ(z)}α,β − µα,β({x, β(z)}α,β , α(y)) − µα,β(α(x), {y, α(z)}α,β )
= {µ(α2(x), αβ(y)), αβ2(z)} − µ({α2(x), αβ2(z)}, αβ(y)) − µ(α2(x), {αβ(y), αβ2(z)})
= {µ(X,Y ), Z)} − µ({X,Z}, Y )− µ(X, {Y,Z}) = 0,
where X = α2(x), Y = αβ(y), Z = αβ2(z).
Remark 2.2. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra and α′, β′ : A → A two
BiHom-Poisson algebra morphisms such that any of the maps α, β, α′, β′ commute. Define
new multiplications on A by:
{x, y}′ = {α′(x), β′(y)}, µ′(x, y) = µ(α′(x), β′(y)).
Then, (A, {·, ·}′, µ′, α′α, β′β) is a BiHom-Poisson algebra.
Example 2.1. Let {e1, e2, e3} be a basis of a 3-dimensional vector space A over K.
Consider the following multiplication µ, skew-symmetric bracket and linear map α on
A− = K3:
µ(e1, e1) = e1,
µ(e1, e2) = µ(e2, e1) = e3,
{e1, e2} = ae2 + be3,
{e1, e3} = ce2 + de3,
α(e1) = λ1e2 + λ2e3, α(e2) = λ3e2 + λ4e3, α(e3) = λ5e2 + λ6e3,
where a, b, c, d, λ1, λ2, λ3, λ4, λ5, λ6 are parameters in K. Assume that β = Id, hence
αβ = βα. Using Proposition 2.2, we construct the following multiplicative BiHom-Poisson
algebra defined by
µαβ(e1, e1) = λ1e3,
µαβ(e2, e1) = λ3e3,
µαβ(e3, e1) = λ5e3,
{e1, e1}αβ = −(λ1a+ λ2c)e2 − (λ1b+ λ2d)e3,
{e2, e1}αβ = −(λ3a+ λ4c)e2 − (λ3b+ λ4d)e3,
{e3, e1}αβ = −(λ5a+ λ6c)e2 − (λ5b+ λ6d)e3.
Then we give an example of BiHom-Poisson algebra where α and β are arbitrary and
{e1, e2, e3} be a basis of a 3-dimensional vector space A over K.
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Example 2.2.
α(e1) = e2, α(e2) = e2, α(e3) = e3.
β(e1) = e1, β(e2) = e2.
µ(e1, e2) = λ1e2,
µ(e2, e1) = λ1e1,
{e1, e2} = ae3,
where a, λ1 are parameters in K.
Another example of BiHom-Poisson algebras of dimension 3 with basis {e1, e2, e3} is
given where α and β are diagonal.
Example 2.3.
α(e1) = ae1, α(e2) = be2.
β(e1) = ce1, β(e2) = de2.
µ(e3, e3) = λ1e3, {e3, e3} = λ2e3,
where a, b, c, d, λ1, λ2 are parameters in K.
In the sequel we define a direct sum and tensor product of a BiHom-Poisson algebra
and a BiHom-associative symmetric algebra.
Theorem 2.1. Let (A1, µ1, {., .}1, α1, β1) and (A2, µ2, {., .}2, α2, β2) be two (non-BiHom-
commutative) BiHom-Poisson algebras. Let µA1⊕A2 be a bilinear map on A1 ⊕A2 defined
for x1, y1 ∈ A1 and x2, y2 ∈ A2 by
µ(x1 + x2, y1 + y2) = µ1(x1, y1) + µ2(x2, y2),
{., .}A1⊕A2 a bilinear map defined by
{x1 + x2, y1 + y2}A1⊕A2 = {x1, y1}1 + {x2, y2}2
and αA1⊕A2 a linear map defined by
αA1⊕A2(x1 + x2) = α1(x1) + α2(x2),
and βA1⊕A2 a linear map defined by
βA1⊕A2(x1 + x2) = β1(x1) + β2(x2).
Then
(A1 ⊕A2, µA1⊕A2 , {., .}A1⊕A2 , αA1⊕A2 , βA1⊕A2)
is a BiHom-Poisson algebra.
Theorem 2.2. Let (A,µ, {., .}, α, β) be a BiHom-Poisson algebra and (B,µ′, α′, β′) be a
BiHom-associative symmetric algebra, then
(A⊗B, {., .}A⊗B , µ⊗ µ
′, α ⊗ α′, β ⊗ β′),
is a BiHom-Poisson algebra, where {., .}A⊗B = {., .} ⊗ µ
′.
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Proof. Since µ and µ′ are both BiHom-associative multiplication whence a tensor prod-
uct µ ⊗ µ′ is BiHom-associative. Also the BiHom-commutativity of µ ⊗ µ′, the BiHom-
skewsymmetry of {., .} and the BiHom-commutativity of µ imply the BiHom-skewsymmetry
of {., .}A⊗B . Same, since the BiHom-Jacobi identity of {., .} and the BiHom-associative of
µ′ are satisfy then {., .}A⊗B is a BiHom-Lie bracket on A ⊗ B. Therefore, it remains to
check the BiHom-Leibniz identity. We have
LHS ={µ⊗ µ′(a1 ⊗ b1, a2 ⊗ b2), αβ ⊗ α
′β′(a3 ⊗ b3)}A⊗B
= {µ(a1, b1)⊗ µ
′(a2, b2), αβ(a3)⊗ α
′β′(b3)}A⊗B
= {µ(a1, b1), αβ(a3)}A︸ ︷︷ ︸
a′
⊗µ′(µ′(a2, b2), α
′β′(b3))︸ ︷︷ ︸
b′
and
RHS =µ⊗ µ′(a1 ⊗ b1, {β(a2)⊗ β
′(b2), α(a3)⊗ α
′(b3)}A⊗B)
+ µ⊗ µ′({α(a1)⊗ α
′(b1), a3 ⊗ b3}A⊗B , α⊗ β
′(a2 ⊗ b2))
= µ⊗ µ′(α(a1)⊗ α
′(b1), {a2, α(a3)} ⊗ µ
′(b2, α
′(b3)))
+ µ⊗ µ′({a1, β(a3)} ⊗ µ
′(b1, β
′(b3)), α(a2)⊗ α
′(b2))
= µ(α(a1), {a2, α(a3)})︸ ︷︷ ︸
c′
⊗µ′(α′(b1), µ
′(b2, α
′(b3)))︸ ︷︷ ︸
d′
+ µ({a1, β(a3)}, α(a2))︸ ︷︷ ︸
e′
⊗µ′(µ′(b1, β
′(b3)), α
′(b2)︸ ︷︷ ︸
f ′
.
With BiHom-Leibniz identity we have a′ = c′ + e′, and using the BiHom-associativity
condition we have b′ = d′ = f ′. Therefore the left hand side is equal to the right hand side
and the BiHom-Leibniz identity is proved. Then
(A⊗B,µ⊗ µ′, {., .}A⊗B , (α⊗ α
′, β ⊗ β′))
is a BiHom-Poisson algebra.
3 Modules and semi-direct product of BiHom-Poisson alge-
bras
In this section we introduce a representation theory of BiHom-Poisson algebras and
provide a semi-direct product construction.
Definition 3.1. A representation of a BiHom-Lie algebra (A, {·, ·}, α, β) on a vector space
V with respect to two commuting maps γ, ν ∈ End(V ) is a linear map ρ{·,·} : A −→
End(V ), such that for any x, y ∈ A, the following equalities are satisfied:
ρ{·,·}(α(x)) ◦ γ = γ ◦ ρ{·,·}(x), (3.11)
ρ{·,·}(β(x)) ◦ ν = ν ◦ ρ{·,·}(x), (3.12)
ρ{·,·}({β(x), y}) ◦ ν = (ρ{·,·}(αβ(x)) ◦ ρ{·,·}(y)− ρ{·,·}(β(y)) ◦ ρ{·,·}(α(x)). (3.13)
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Proposition 3.1. Let (A, {·, ·}) be a Lie algebra and ρ : A→ End(V ) be a representation
of the Lie algebra on V . Let α, β : A→ A be two commuting morphisms and let γ, ν : V →
V be two commuting linear maps such that ρ{·,·}(α(x)) ◦ γ = γ ◦ ρ{·,·}(x), ρ{·,·}(β(x)) ◦ ν =
ν ◦ ρ{·,·}(x) and ρ{·,·}(α(x)) ◦ ν = −ρ{·,·}(β(x)) ◦ γ. Define ρ˜{·,·} = ρ{·,·}(α(x)) ◦ γ. Then
(V, ρ˜, γ, ν) is a representation of the BiHom-Lie algebra A.
Proof. Let x, y ∈ A,
ρ˜{·,·}({β(x), y}α,β) ◦ ν − ρ˜{·,·}(αβ(x)) ◦ ρ˜{·,·}(y)ρ˜{·,·}(β(y)) ◦ ρ˜{·,·}(α(x))
= ρ˜{·,·}(αβ(x), β(y)) ◦ ν − ρ˜{·,·}(αβ(x)) ◦ ρ{·,·}(α(y)) ◦ ν + ρ˜{·,·}(β(y)) ◦ ρ{·,·}(α
2(x)) ◦ ν =
ρ{·,·}(α
2β(x), αβ(y)) ◦ ν2 − ρ{·,·}(α
2β(x)) ◦ ρ{·,·}(αβ(y)) ◦ ν
2 + ρ{·,·}(αβ(y)) ◦ ρ{·,·}(α
2β(x)) ◦ ν2
=
(
ρ{·,·}(α
2β(x), αβ(y))− ρ{·,·}(α
2β(x)) ◦ ρ{·,·}(αβ(y)) + ρ{·,·}(αβ(y)) ◦ ρ{·,·}(α
2β(x))
)
◦ ν2 = 0.
Let (A, {·, ·}, α, β) be a BiHom-Lie algebra. Let ρ{·,·} : A → End(V ) be a represen-
tation of the BiHom-Lie algebra on V with respect to γ and ν. Assume that the maps
α and ν are bijective. On the direct sum of the underlying vector spaces A ⊕ V , define
α˜, β˜ : A⊕ V −→ A⊕ V by
α˜(x+ a) = α(x) + γ(a),
β˜(x+ a) = β(x) + ν(a),
and define a skewsymmetric bilinear map [·, ·]A⊕V : A⊕ V ×A⊕ V −→ A⊕ V by
[(x+ a), (y + b)]A⊕V = {x, y}+ ρ{·,·}(x)(b) − ρ{·,·}(α
−1β(y))(γν−1(a)). (3.14)
Theorem 3.1. [19] With the above notations, (A ⊕ V, [·, ·]A⊕V , α˜, β˜) is a BiHom-Lie
algebra.
Definition 3.2. Let (A,µ, α, β) be a commutative BiHom-associative algebra. A repre-
sentation (or a BiHom-module) on a vector space V with respect to γ, ν ∈ End(V ) is a
linear map ρµ : A −→ End(V ), such that for any x, y ∈ A, the following equalities are
satisfied:
ρµ(α(x)) ◦ γ = γ ◦ ρµ(x), ρµ(β(x)) ◦ ν = ν ◦ ρµ(x), (3.15)
ρµ(µ(x, y)) ◦ ν = ρµ(α(x))ρµ(y). (3.16)
Let (A,µ, α, β) be a commutative BiHom-associative algebra and (V, ρµ, γ, ν) be a
representation of A. On the direct sum of the underlying vector spaces A ⊕ V , define
α˜, β˜ : A⊕ V −→ A⊕ V by
α˜(x+ a) = α(x) + γ(a) and β˜(x+ a) = β(x) + ν(a)
and define a bilinear map µA⊕V : A⊕ V ×A⊕ V −→ A⊕ V by
µA⊕V (x+ a, y + b) = µ(x, y) + ρµ(x)(b) + ρµ(α
−1β(y))(γν−1(a)). (3.17)
Theorem 3.2. With the above notations, (A ⊕ V, µA⊕V , α˜, β˜) is a commutative BiHom-
associative algebra.
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Proof. By the fact that α, β are algebra homomorphisms with respect to µ, for x, y ∈
A, a, b ∈ V , we have
α˜(µA⊕V (x+ a, y + b)) = α˜(µ(x, y) + ρµ(x)(b) + ρµ(α
−1β(y))(γν−1(a)))
= α(µ(x, y)) + γ(ρµ(x)(b)) + γ(ρµ(α
−1β(y))(γν−1(a))))
µ(α(x), α(y))) + ρµ(α(x))(γ(b))) + ρµ(α
−1β(α(y)))(γν−1(γ(a)))))
= µA⊕V (α(x) + γ(a), α(y) + γ(b))
= µA⊕V (α˜(x+ a), α˜(y + b)).
If (A, µ, α, β) is a commutative BiHom-associative algebra,
µA⊕V (α˜(x+ a), µA⊕V ((y + b, z + c))) = µA⊕V (µA⊕V (x+ a, y + b)), β˜(z + c)), (3.18)
for x, y, z ∈ A and a, b, c ∈ V . Developing (3.18), we have
µA⊕V (α˜(x+ a), µA⊕V ((y + b, z + c)))
= µA⊕V (α˜(x+ a), µ(y, z) + ρµ(y)(c) + ρµ(α
−1β(z))(γν−1(b)))
= µ(α(x), µ(y, z)) + ρµ(α(x)) ◦ ρµ(y)(c)) + ρµ(α(x)) ◦ ρµ(α
−1β(z))(γν−1(b)))
+ ρµ(µ(α
−1β(y), α−1β(z)))(γ2ν−1(a)).
Similarly
µA⊕V (µA⊕V (x+ a, y + b), β˜(z + c))
= µA⊕V (µ(x, y) + ρµ(x)(b) + ρµ(α
−1β(y))(γν−1(a)), β˜(z + c))
= µ(µ(x, y), β(z)) + ρµ(µ(x, y)) ◦ ν(c) + ρµ(α
−1β2(z)) ◦ ρµ(αβ
−1(x))(γν−1(b))+
ρµ(α
−1β2(z)) ◦ ρµ(y)(γ
2ν−2(a)).
Definition 3.3. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra, V be a vector space and
ρ{·,·}, ρµ : A −→ End(V ) be two linear maps and also γ, ν : V −→ V be two linear maps.
Then (V, ρ{·,·}, ρµ, γ, ν) is called a representation of A if (V, ρ{·,·}, γ, ν) is a representation
of (A, {·, ·}, α, β) and (V, ρµ, γ, ν) is a representation of (A,µ, α, β) and they are compatible
in the sense that for any x, y ∈ A
ρ{·,·}(µ(x, y))ν = ρµ(β(y))ρ{·,·}(x) + ρµ(α(x))ρ{·,·}(y), (3.19)
ρµ({β(x), y})ν = −ρµ(αβ(x))ρ{·,·}(y)− ρ{·,·}(β(y))ρµ(α(x)). (3.20)
Theorem 3.3. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra and (V, ρ{·,·}, ρµ, γ, ν)
be a representation of A. Then (A ⊕ V, µA⊕V , {·, ·}A⊕V , α˜, β˜) is a commutative BiHom-
Poisson algebra, where the maps µA⊕V , {·, ·}A⊕V , α˜ and β˜ are defined in Theorem 3.2 and
Theorem 3.1.
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Proof. We need only to show that the Leibniz identity is satisfied. Let x, y, z ∈ A and
a, b, c ∈ V , we have
{µA⊕V (x+ a, y + b), α˜β˜(z + c)}A⊕V − µA⊕V ({x+ a, β˜(z + c)}A⊕V , α˜(y + b))
− µA⊕V (α˜(x+ a), {y + b, α˜(z + c)}A⊕V )
={µ(x, y) + ρµ(x)(b) + ρµ(α
−1β(y))γν−1(a), α˜β˜(z + c)}A⊕V
− µA⊕V ({x, β(z)} + ρ{·,·}(α
−1β(x))ν(c) − ρ{·,·}(α
−1β2(z))γν−1(a), α˜(y + b))
− µA⊕V (α˜(x+ a), {y, α(z)} + ρ{·,·}(y)γ(c) − ρ{·,·}(β(z))γν
−1(b))
={µ(x, y), αβ(z)} + ρ{·,·}(µ(x, y))γν(c) − ρ{·,·}(β
2(z))γν−1(ρµ(x)(b) + ρµ(α
−1β(y))γν−1(a))
− µ({x, β(z)}, α(y)) − ρµ({x, β(z)})γ(b) − ρµ(β(y))γν
−1(ρ{·,·}(α
−1β(x))ν(c) − ρ{·,·}(α
−1β2(z))γν−1(a))
− µ(α(x), {y, α(z)}) − ρµ(α(x))(ρ{·,·}(y)γ(c) − ρ{·,·}(α(z))(b)) − ρµ({α
−1β(y), β(z)})γ2ν−1(a)
={µ(x, y), αβ(z)} + ρ{·,·}(µ(x, y))γν(c) − ρ{·,·}(β
2(z))(ρµ(αβ
−1(x))γν−1(b))
− ρ{·,·}(β
2(z))(ρµ(y)γ
2ν−2(a))− µ({x, β(z)}, α(y)) − ρµ({x, β(z)})γ(b)
− ρµ(β(y))(ρ{·,·}(x)γ(c)) − ρµ(β(y))(ρ{·,·}(β(z))γ
2ν−2(a))− µ(α(x), {y, α(z)})
− ρµ(α(x))(ρ{·,·}(y)γ(c)) + ρµ(α(x))(ρ{·,·}(α(z))(b)) − ρµ({α
−1β(y), β(z)})γ2ν−1(a) = 0.
4 Admissible BiHom-Poisson algebras
A Poisson algebra has two binary operations, the Lie bracket and the commutative
associative product. In this section we describe BiHom-Poisson algebra using only one
binary operation and the twisting maps via the polarization-depolarization procedure.
Definition 4.1. Let (A,µ, α, β) be a BiHom-algebra. Then A is called an admissible
BiHom-Poisson algebra if it satisfies
asα,β(β(x), α(y), α
2(z)) =
1
3
{µ(µ(β(x), αβ(z)), α2(y))− µ(µ(β2(z), α(x)), α2(y))
+ µ(µ(β(y), αβ(z)), α2(x))− µ(µ(β(y), α(x))α2β(z))}, (4.21)
for all x, y, z ∈ A, where asα,β is the BiHom-associator of A defined by
asα,β(x, y, z) = µ(µ(x, z), β(y)) − µ(α(x), µ(x, z)) (4.22)
If the BiHom-algebra (A,µ, α, β) is regular then the identity (4.21) is equivalent to
asα,β(x, y, z) =
1
3
{µ(µ(x, α−1β(z)), α(y)) − µ(µ(α−2β2(z), αβ−1(x)), α(y))
+ µ(µ(α−1β(y), α−1β(z)), α2β−1(x))− µ(µ(α−1β(y), αβ−1(x))β(z))}.
(4.23)
Proposition 4.1. Let (A,µ) be an admissible Poisson algebra and α, β : A → A two
commuting Poisson algebra morphisms. Then (A,µα,β = µ◦(α⊗β), α, β) is an admissible
BiHom-Poisson algebra.
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Proof. Let x, y, z ∈ A
µα,β(µα,β(β(x), α(y)), α
2β(z))− µα,β(αβ(x), µα,β(α(y), α
2(z)))−
1
3
{µα,β(µα,β(β(x), αβ(z)), α
2(y))
− µα,β(µα,β(β
2(z), α(x)), α2(y)) + µα,β(µα,β(β(y), αβ(z)), α
2(x)) − µα,β(µα,β(β(y), α(x))α
2β(z))}
=µ(µ(α2β(x), α2β(y)), α2β2(z))− µ(α2β(x), µ(α2β(y), α2β2(z)))−
1
3
{µ(µ(α2β(x), α2β2(z)), α2β(y))
− µ(µ(α2β2(z), α2β(x)), α2β(y)) + µ(µ(α2β(y), α2β2(z)), α2β(x)) − µ(µ(α2β(y), α2β(x))α2β2(z))}
= 0
As usual in (4.21) the product µ is denoted by juxtapositions of elements in A. An
admissible BiHom-Poisson algebra with α = β = Id is exactly an admissible Poisson
algebra as defined in [6].
To compare BiHom-Poisson algebras and admissible BiHom-Poisson algebras, we need
the following function, which generalizes a similar function in [14].
Definition 4.2. Let (A,µ, α, β) be a regular BiHom-algebra. Define the quadruple
P (A) = (A, {·, ·}, •, α, β) , (4.24)
where {x, y} = 1
2
(µ(x, y)−µ(α−1β(y)αβ−1(x))) and x•y = 1
2
(µ(x, y)+µ(α−1β(y)αβ−1(x)))
called the polarization of A. We call P the polarization function.
The following result says that admissible BiHom-Poisson algebras, and only these
BiHom-algebras, give rise to BiHom-Poisson algebras via polarization.
Theorem 4.1. Let (A,µ, α, β) be a regular BiHom-algebra. Then the polarization P (A) is
a regular BiHom-Poisson algebra if and only if A is an admissible BiHom-Poisson algebra.
Proof. For any x, y, z ∈ A, we will check that the (A, {·, ·}, α, β) is a BiHom-Lie algebra.
Indeed, we have
{β(x), α(y)} = β(x)α(y) − β(y)α(x) = −{β(y), α(x)},
so the antisymmetry of {·, ·} is satisfied. Now, we verify the BiHom-Jacobi identity
{β2(x), {β(y), α(z)}} + {β2(y), {β(z), α(x)}} + {β2(z), {β(x), α(y)}}
= {β2(x),
1
2
(β(y) · α(z) − β(z) · α(y))} + {β2(y),
1
2
(β(z) · α(x) − β(x) · α(z))}
+ {β2(z),
1
2
(β(x) · α(y)− β(y) · α(x))}
=
1
4
(
− asαβ(β(x), β(y), α(z)) + asαβ(α
−1β2(x), β(z), α(y))
− asαβ(α
−1β2(y), β(z), α(x)) + asαβ(α
−1β2(z), β(y), α(x))
+ asαβ(α
−1β2(y), β(x), α(z)) − asαβ(α
−1β2(z), β(x), α(y))
)
= 0.
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Next, we check that (A, •, α, β) is a BiHom-commutative BiHom-associative algebra. In-
deed, for any x, y, z ∈ A, the prove of BiHom-commutativity of µ is similar to the BiHom-
skewsymmetry of {·, ·} checked before.
(x • y) • β(z) − α(x) • (y • z) =
1
2
(µ(x, y)− µ(α−1β(y), αβ−1(x))) • β(z) − α(x) •
1
2
(µ(y, z)
− µ(α−1β(z), αβ−1(y))) =
1
4
(
asαβ(x, y, z) − asαβ(α
−2β2(z), y, α2β−2(x))
+ asαβ(α
−2β2(z), αβ−1(x), αβ−1(y)) + µ(µ(α−2β2(z), αβ−1(x)), α(y))
− µ(µ(α−1β(y), αβ−1(x)), β(z)) + µ(µ(α−1β(y), α−1β(z)), α2β−1(x))
− asαβ(x, α
−1β(y), αβ−1(z)) − µ(µ(x, α−1β(y)), α(z)) = 0.
Finally, we check the condition : {x • y, αβ(z)} − {x, β(z)} • α(y) − α(x) • {y, α(z)}.
Indeed, we have
{x • y, αβ(z)} − {x, β(z)} • α(y)− α(x) • {y, α(z)}
=
1
4
(
asαβ(x, y, α(z)) − asαβ(x, β(z), αβ
−1(y)) − asαβ(α
−1β(y), β(z), α2β−2(x)) + as(α−1β2(z), y, α2β−2(x))
+ asαβ(α
−1β2(z), αβ−1(x), αβ−1(y)) + asαβ(α
−1β(y), αβ−1(x), α(z))
)
= 0.
The proof is finished.
The following result says that there is a bijective correspondence between admissible
BiHom-Poisson algebras and BiHom-Poisson algebras via polarization and depolarization.
Corollary 4.1. Let (A, {·, ·}, •, α, β) be a BiHom-Poisson algebra. Define the BiHom-
algebra
P−(A) = (A,µ = {·, ·} + •, α, β) , (4.25)
then P−(A) is an admissible BiHom-Poisson algebra called the depolarization of A. We
call P− the depolarization function.
Proof. If (A,µ, α) is a regular admissible BiHom-Poisson algebra, then P (A) is a BiHom-
Poisson algebra by Theorem 4.1. We have P−(P (A)) = A because
µ(x, y) =
1
2
(µ(x, y)−µ(α−1β(y), αβ−1(x)))+
1
2
(µ(x, y)+µ(α−1β(y), αβ−1(x)), ∀ x, y ∈ A.
5 Classification of BiHom-Poisson algebras
Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra, in this section, we provide a list of
2-dimensional BiHom-Poisson algebras, where the morphisms α and β are diagonal.
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Algebras Multiplications Brackets Morphisms
Alg1 µ(e1, e1) = c
1
11
e1,
µ(e2, e2) = c
2
22
e2,
{e1, e1} = d
1
11
e1,
{e2, e1} = d
1
21
e1,
α =
(
0 0
0 1
)
,
β =
(
0 0
0 1
)
.
Alg2 µ(e1, e1) = c
1
11
e1, {e1, e1} = d
1
11
e1,
{e2, e1} = e1,
α =
(
0 0
0 a22
)
,
β =
(
0 0
0 b22
)
.
Alg3 µ(e1, e1) = c
1
11
e1,
µ(e2, e2) = c
2
22
e2,
{e1, e2} = d
2
12
e2,
{e2, e2} = d
2
22
e2,
α =
(
1 0
0 0
)
,
β =
(
1 0
0 0
)
.
Alg4 µ(e2, e2) = c
2
22
e2, {e1, e2} = e2,
{e2, e2} = d
2
22
e2,
α =
(
a11 0
0 0
)
,
β =
(
b11 0
0 0
)
.
Alg5 µ(e2, e2) = c
2
22
e2, {e1, e1} = e1,
{e1, e2} = d
1
12
e1,
{e2, e1} = d
1
21
e1,
α =
(
0 0
0 1
)
,
β =
(
0 0
0 1
)
.
Alg6 µ(e2, e1) = c
1
21
e1,
µ(e2, e2) =
c1
21
b11
e2,
{e2, e1} = d
1
21
e1, α =
(
0 0
0 1
)
,
β =
(
b11 0
0 1
)
.
Alg7 µ(e1, e1) = c
1
11
e1, {e1, e2} = d
2
12
e2,
{e2, e1} = d
2
21
e2,
{e2, e2} = e2,
α =
(
1 0
0 0
)
,
β =
(
1 0
0 0
)
.
Alg8 µ(e1, e1) = c
1
11
e1, {e1, e2} = d
2
12
e2, α =
(
1 0
0 0
)
,
β =
(
1 0
0 b22
)
.
Alg9 µ(e1, e1) = c
1
11
e1,
µ(e1, e2) = c
1
11
b22e2,
{e1, e2} = d
2
12
e2, α =
(
1 0
0 0
)
,
β =
(
1 0
0 b22
)
.
Alg10 µ(e1, e1) = c
1
11
e1, {e2, e1} = d
2
21
e2, α =
(
1 0
0 a22
)
,
β =
(
1 0
0 0
)
.
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Alg11 µ(e1, e1) = c
1
11
e1,
µ(e2, e1) = c
1
11
a22e2,
{e2, e1} = d
2
21
e2, α =
(
1 0
0 a22
)
,
β =
(
1 0
0 0
)
.
Alg12 µ(e2, e2) = c
2
22
e2, {e1, e2} = d
1
12
e1, α =
(
a11 0
0 1
)
,
β =
(
0 0
0 1
)
.
Alg13 µ(e1, e2) = c
1
12
e1,
µ(e2, e2) =
c1
12
a11
e2,
{e1, e2} = d
1
12
e1, α =
(
a11 0
0 1
)
,
β =
(
0 0
0 1
)
.
Alg14 µ(e2, e2) = c
2
22
e2, {e1, e1} = e1,
{e2, e1} = d
1
21
e1,
α =
(
0 0
0 1
)
,
β =
(
1 0
0 1
)
.
Alg15 µ(e2, e1) = c
1
21
e1,
µ(e2, e2) = c
1
21
e2,
{e1, e1} = e1,
{e2, e1} = d
1
21
e1,
α =
(
0 0
0 1
)
,
β =
(
1 0
0 1
)
.
Alg16 µ(e2, e2) = c
2
22
e2, {e2, e1} = d
1
21
e1, α =
(
0 0
0 1
)
,
β =
(
b11 0
0 1
)
.
Alg17 µ(e1, e1) = c
1
11
e1, {e1, e2} = d
2
12
e2,
{e2, e2} = e2,
α =
(
1 0
0 0
)
,
β =
(
1 0
0 1
)
.
Alg18 µ(e1, e1) = c
1
11
e1,
µ(e1, e2) = c
1
11
e2,
{e1, e2} = d
2
12
e2,
{e2, e2} = e2,
α =
(
1 0
0 0
)
,
β =
(
1 0
0 1
)
.
Alg19 µ(e2, e2) = c
2
22
e2, {e1, e1} = e1,
{e1, e2} = d
1
12
e1,
α =
(
1 0
0 1
)
,
β =
(
0 0
0 1
)
.
Alg20 µ(e1, e1) = c
1
11
e1, {e2, e1} = d
2
21
e2,
{e2, e2} = e2,
α =
(
1 0
0 1
)
,
β =
(
1 0
0 0
)
.
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